We calculate the equation of state after inflation and provide an upper bound on the duration before radiation domination by taking the nonlinear dynamics of the fragmented inflaton field into account. A broad class of single-field inflationary models with observationally consistent flattening of the potential at a scale M away from the origin, V (φ) ∝ |φ| 2n near the origin, and where the couplings to other fields are ignored are included in our analysis. We find that the equation of state parameter w → 0 for n = 1 and w → 1/3 (after sufficient time) for n 1. We calculate how the number of e-folds to radiation domination depends on both n and M when M ∼ mPl, whereas when M mPl, we find that the duration to radiation domination is negligible. Our results are explained in terms of a linear instability analysis in an expanding universe, scaling arguments, and are supported by 3+1 dimensional lattice simulations. We show how our work significantly reduces the uncertainty in inflationary observables, even after including couplings to additional light fields.
Introduction -Inflationary cosmology provides a consistent framework for calculating the initial conditions responsible for the observed temperature fluctuations in the cosmic microwave background [1] . However, there is a gap in our understanding of how inflation ends and ultimately leads to a radiation-dominated, thermal universe before the production of light elements. The poorly constrained post-inflationary equation of state of the universe and the duration before radiation domination influence the interpretation of inflationary observables and the reheating temperature [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ; they affect predictions for baryogenesis and primordial relics [12] [13] [14] .
In this Letter we calculate the equation of state parameter w soon after the end of inflation by accounting for the full nonlinear dynamics of the inflaton field using 3+1 dimensional lattice simulations. Using our results, we can calculate an upper bound on the duration to radiation domination. This bound significantly reduces the uncertainty in the interpretation and calculation of inflationary and post-inflationary observables.
The equation of state for oscillating homogeneous condensates in an expanding universe has been well understood since the 1980's [15] ; however, general results for the cases where the scalar field undergoes significant fragmentation are not easily found in the literature. Detailed earlier works on the equation of state including nonlinear dynamics certainly exist, e.g. [16] , but are usually limited to quadratic and quartic inflaton potentials coupled to light fields. We allow for general shapes of the inflaton potential, ignore couplings to other light fields in our simulations but include them in the bounds on the duration to radiation domination.
Inflaton Potential -We study the post-inflationary expansion history in minimally coupled, single-field models of inflation with potentials of the form V (φ) ∝ |φ| 2n near the origin and appropriately flattened away from it (to be consistent with observations [1] ). For our purposes, only two features of the potential are relevant: the scale M where the potential starts flattening and the power n of the potential near the minimum. For concreteness, we parametrize the inflationary potentials as V (φ) = Λ 4 tanh 2n (|φ|/M ), where
Pl based on the α-attractors models of inflation [17] [18] [19] . We expect our results to be independent of the details of this parametrization and equally applicable to Monodromy type models [20, 21] . We also do not expect qualitative changes when we make the potential asymmetric. Typical models have M ∼ m Pl ; however, we also allow for M m Pl . To avoid numerical trouble from discontinuous higher derivatives of the potential, we assume n ≥ 1 (not necessarily an integer). Linear Instability Analysis -At the end of inflation, the homogeneous inflaton condensateφ starts oscillating around the minimum of its potential. In the presence of any perturbations, such homogeneous oscillations are unstable: they lead to a rapid growth in field perturbations δφ(t, x ), or equivalently, to non-adiabatic particle production [22] [23] [24] [25] .
A useful way of characterizing the efficiency of particle production is as follows. First, let us ignore expansion. Floquet theory tells us that the general solution for the field perturbations in Fourier space is of the form δφ k ∝ exp(±µ k t), where µ k is the Floquet exponent. If (µ k ) = 0, then there is an 'unstable' solution growing exponentially with time. In general, any nonlinearity in V (φ) will lead to resonant particle production. The real part of the Floquet exponent, which characterizes the particle production rate, is shown in Fig. 2 as a function of the amplitude of the oscillating condenstate and the physical wavenumber κ ≡ k/am (with a = 1). Note that we have expressed k and µ k in units of a field/time dependent effective mass scale:
. This effective mass scale m 2 ≈ ∂φV /φ whenφ M and is what sets the period ofφ. The expansion of the universe can now be incorporated qualitatively. The amplitude of the inflaton field oscillating in V ∝ |φ| 2n decays as φ ∝ a −3/(n+1) , and the dimensionless wavenumber scales as κ ∝ a −2(2−n)/(1+n) . Hence a given Fourier mode flows through a number of Floquet bands as shown in Fig. 2 . Heuristically, the mode will grow if the expansion rate H is much less than
For the lowest-k band (k/am near 0):
where
with a very weak dependence on n for moderate values of n. It is M/m Pl that controls whether there is efficient self-resonance at low wave-numbers. In particular, for M 2.5 × 10 −2 m Pl , the fluctuations grow rapidly and become energetically comparable to the homogeneous condensate. They backreact on the condensate, leading to its complete fragmentation.
When the initial fragmentation is inefficient (M 2.5 × 10 −2 m Pl ), the higher order instability bands can play an important role. Compared to the band near k = 0, the bands at higher k are narrower, and (µ k ) is typically smaller. However, these narrow bands can lead to fragmentation of the condensate at late times for two reasons. First, in these bands
Furthermore, the modes tend to spend a lot of time in these narrow bands. This effect can be understood by considering the white flow lines in Fig. 2 . The flow lines cross the first narrow band from right to left (n < 2), left to right (n > 2), or never leave it (n = 2). The narrow resonance will clearly persist until non-linear effects become important in the n = 2 case. Upon closer inspection, the same holds for the n < 2 and n > 2 cases as well. For these two cases, |κ| ∼ Hκ. Since H is decreasing, at some point a given k-mode will spend sufficient time within the narrow band for fluctuations to grow substantially. This eventually leads to backreaction on the condensate and complete fragmentation. The above statements are quite general; however, n = 1 is special. In this case, the higher order bands become too narrow to allow for significant particle production at late times, thus arresting further fragmentation.
Lattice simulations -The presence of linear instabilities eventually leads to significant nonlinear dynamics of the fields. To study these non-linear dynamics we solve the equations of motion φ + ∂ φ V = 0 and the Friedmann equation numerically using a parallelized version of LatticeEasy [26] . We initialize the simulations around the end of inflation with a homogeneous condensate + vacuum fluctuations and evolve them for a few−10 e-folds of expansion after this instant. We ran different simulations (depending on parameters) with N = 128 3 , 256 3 , 512 3 , and/or 1024 3 lattices, with the initial size of the simulation volumes L ∼ (few − 0.1)H −1 inf . We always terminated the simulations before resolution effects became important. Conservatively, the lattice simulation results should be trusted for the number of e-folds shown in Fig. 3 . We also verified that our results are independent of the initial power spectra of field fluctuations on scales which are not resonantly excited during the linear stage. The details of the numerical checks and the evolution of the power spectra will be presented elsewhere.
The Equation of State -We now turn our attention to the equation of state parameter defined as
Here, p and ρ are the energy density and pressure of the inflaton field respectively. The symbol . . . s stands for spatial average. The equation of state is often rapidly oscillating compared to the expansion time scales; a time average over many oscillations should be assumed when we refer to w unless otherwise stated. Note that if the spatially and temporally averaged gradient and kinetic energy densities are equal to each other and dominate over the potential energy density, we get w = 1/3. We find the following results for the equation of state at sufficiently late times:
and independent of M m Pl . We explain the independence from M , the special nature of n = 1, and the generic behavior for n > 1 below.
For efficient initial resonance (M 2.5 × 10 −2 m Pl ) the linear fluctuations grow rapidly and backreact on the condensate. For n = 1, meta-stable pseudo solitons (oscillons, see for e.g. [27, 28] ) are copiously produced within 1 e-fold of expansion. They behave as pressureless dust, w = 0, and can lead to a long period of matter dominated expansion. See the leftmost panel in Fig. 3 . For the n > 1 case, we still form highly overdense field configurations that dominate the energy density, but they are transients, lasting for about an e-fold of expansion. Shortly after the transients decay, the inflaton is completely fragmented with almost no energy remaining in the homogeneous condensate. The field configuration now evolves freely in a turbulent manner (as discussed for n = 2 in [29] ). Numerically, we find that the kinetic and gradient energies are approximately equal to each other and much greater than the potential energy, implying w → 1/3 (cf. Fig.  3) , and that the field is virialized in the sense that φ2 /2 s,t = (∇φ) 2 /2a 2 s,t + n V s,t holds. We can then get an estimate of the deviation of w from 1/3: w − 1/3 → (2/3)(n − 2)× the fraction of energy density in the potential energy. For inefficient initial resonance M 2.5 × 10 −2 m Pl and n = 1, we observe initially some small excitations of the modes near k = 0 due to the broad band which is eventually shut off by expansion. The condensate energy is redshifted as a −3 , slower than the gradient energy (a −4 ). Hence, the fluctuations become ever smaller, and the oscillating condensate determines the equation of state, yielding w = 0. For n > 1, after initial particle production is shut off the condensate energy decays as a −6n/(n+1) , whereas the gradient energy stored in field fluctuations decays as a −4 (i.e. like radiation) until the first narrow resonance band becomes important and particles are again produced. This second phase of particle production in a narrow k band is expected from our Floquet analysis and confirmed by our lattice simulations. Subsequent evolution includes a shifting of this peak towards higher (n < 2) or lower (n > 2) co-moving momenta as expected from the flow lines in the Floquet analysis. This is followed by the generation of a series of secondary peaks from nonlinear scattering (for n = 2, see [30] ). Eventually the growth is shut off by backreaction. All the peaks smear out, whereas the remnant condensate continues to oscillate with slowly decaying amplitude, continuing its particle production. After sufficiently long times, we find that the kinetic and gradient energies are approximately equal and much greater than the potential energy with the field again virialized. This yields an equation of state parameter w ≈ 1/3. Note that the n = 2 case would yield w = 1/3 for the homogeneous and inhomogeneous field. A summary of the asymptotic equation of state is shown in Fig. 4 .
e-folds to Radiation Domination -Our linear analysis of the instabilities allows us to estimate the number of e-folds after inflation required to reach radiation domination, ∆N rad ≡ a rad a end d ln a, by calculating the time of backreaction of the fluctuations. First, note that for n = 2, ∆N rad 1 since in this case w → 1/3 with and without fragmentation. For all other n 1, the universe becomes radiation dominated within
(5) Here, ∆κ/κ ∼ 10 −2 is the fractional width of the first k = 0 narrow resonance band (cf. Fig. 2 ). Note that ∆κ/κ becomes vanishingly small as n → 1 (and n 2), leading to ∆N rad 1. These estimates are confirmed by our lattice simulations (see Fig. 3 ).
We emphasize that w → 1/3 can be achieved without coupling to other fields for all n 1. When coupling to other massless fields is included, ∆N rad is reduced further. Thus the above calculated ∆N rad should be taken as an upper bound on ∆N rad . Using these results, we can calculate the expected values of the tensor-to-scalar ratio r and the spectral index n s for different values of M and n, even including the uncertainty from couplings to additional light fields (see Fig. 5 , we use a pivot scale k = 0.002 Mpc −1 ). The solid black lines use ∆N rad calculated above, whereas the width of the Figure 5 . Based on our results, the bounds on ∆N rad are translated to predictions for r and ns (filled in colored bands, black edge is for the upper bound). The narrow width of the filled in bands corresponds to a change in ∆N rad from coupling to other light fields. For comparison, the range of N = 50 − 60 commonly used to account for reheating related uncertainties is also shown (thin colored lines, and the "dumbbells"); the reduction in uncertainty due to our results is significant. Note that M mPl for most of the above plot. For M mPl we have ∆N rad 1, and r 10 −3
(and hence, difficult to see in the above observational constraints [1] ). For the above plot we have focussed on the α-attractor models [17] [18] [19] , but it can be easily generalized to models with different potentials during the inflationary phase.
filled bands allows for a faster approach to radiation domination due to couplings to other fields. We assume the effective bosonic degrees of freedom in the universe at the moment when it reached thermal equilibrium g th ≈ 10 3 ; however, changing g th within reasonable bounds does not introduce significant uncertainties. For n > 1, our conclusions should still hold even if the inflaton has an additional small mass as long as this mass is much smaller than the effective mass due to the curvature of the potential during the approach to radiation domination. Eventually, the small mass might play a role in later time decays.
Note that the n = 1 case is special and is not shown in the r − n s plot. When coupling to other massless fields is included, the dynamics can be quite complex, especially for M m Pl due to the existence of oscillons [28, 31, 32] . For general n, the inclusion of additional decay channels and non-minimal couplings [33] [34] [35] , gravitational effects [36, 37] as well as certain quantum aspects [38] not captured by our classical simulations can influence predictions from this epoch.
For the broad class of observationally consistent models considered in this Letter, our results for the equation of state and the bounds on ∆N rad are a step towards reducing the model dependence in the reheating epoch and the uncertainty in inflationary and post-inflationary observables.
Acknowledgments -The simulations were performed on the COSMOS Shared Memory system at DAMTP, operated by U. of Cambridge on behalf of the STFC DiRAC HPC Facility. We thank D. Sijacki for her generosity regarding the use of her computational resources under the Cambridge COSMOS Consortium. We acknowledge and thank A. Linde for a detailed and helpful correspondence regarding the models and their implications, R. Easther for suggesting we include additional information regarding the reduction in theoretical uncertainties, S. Carleston for a careful proof-reading and M. Garcia for a discussion regarding the number of reheating e-folds, all of which contributed towards an improved manuscript. We also acknowledge useful discussions with D. Kaiser and M. Drewes regarding non-minimal couplings and perturbative decays respectively.
